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A polygon-wise constant curvature natural element approximation is presented in this paper for the numerical imple-
mentation of the abstract Kirchhoﬀ plate model. The strict C1-continuity requirement in the displacement ﬁeld is relaxed
by converting the area integral of the curvatures into the boundary integral along the Voronoi boundary. Curvatures and
bending moments are assumed to be constant within each Voronoi polygon, and the Voronoi-polygon-wise constant cur-
vatures are derived in a selective manner for the sake of the imposition of essential boundary conditions. The numerical
results illustrating the proposed method are also given.
 2006 Elsevier Ltd. All rights reserved.
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Thin elastic structures such as plate- and shell-like bodies are characterized by the fact that a thickness
dimension is small compared to the other two. This particular geometric feature allows one to approximate
the variation of quantities of interest such as displacement and stresses using low order polynomials in the
thickness direction (Timoshenko and Woinowsky-Krieger, 1959). Accordingly, the dimension of analysis
problems of such bodies can be reduced, and numerous theories which are analytically more accessible have
been derived based on this dimension reduction method (Vogelius and Babuska, 1981). The reader may refer
to Destuynder (1985) for the review of various dimensionally reduced theories and Cho and Oden (1996) for
their modeling error assessment.
These low order theories provide the acceptable accuracy when the structure thickness is reasonably small
because the Kirchhoﬀ (or Kirchhoﬀ-Love) postulates prevail as the thickness tends to zero. However, at the
same time these theories may, but frequently, suﬀer from the shear (shear and membrane) locking in the
numerical implementation (Cho and Oden, 1997). In this context, the Kirchhoﬀ plate (Kirchhoﬀ-Love shell)0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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structures. The biharmonic equation of plate ﬂexure which is lead by the strict Kirchhoﬀ constraints can be
analytically solved for regular plate domains, but its numerical implementation requires the strict C1-continu-
ity in shape functions (Sukumar and Moran, 1999).
To overcome this numerical diﬃculty, various kinds of non-conforming and conforming (Hermitian) ele-
ments for the irreducible formulation and hybrid elements for the mixed formulation have been proposed by a
numerous number of investigators (Zienkiewicz and Taylor, 1991). However, these elements were constructed
in an artiﬁcial manner so that the successful use of these elements was limited to the speciﬁc conditions
imposed on individual elements. Thus, the considerable research eﬀorts have been focused on the development
of eﬃcient plate and shell elements for solving thin structures in a variety of engineering applications.
One of those eﬀects was to derive simple but eﬀective thin plate and shell elements in which the degrees of
freedom are consisted of only the nodal deﬂections of the mid-surface. The basic idea was motivated from the
Kirchhoﬀ theory, restricted to triangular elements, such that the rotational stiﬀness is indirectly reﬂected in
terms of the nodal deﬂections of surrounding elements (Nay and Utku, 1972; Hampshire et al., 1992; Phaal
and Calladine, 1992). More recently, On˜ate and Za´rate (2000) and On˜ate and Flores (2005) proposed rota-
tion-free plate and shell elements of triangular shape with translational degrees of freedom as the only nodal
variables. They approximated the deﬂection ﬁeld linearly within individual triangles and computed the curva-
ture and bending moment ﬁelds within non-overlapping control domains by a ﬁnite volume type approach.
On the other hand, according to our literature survey, there has not been introduced any useful technique
for meshfree methods to overcome the shear locking in the numerical analysis of thin elastic structures. The
reason is because not only most research eﬀorts paid for meshfree methods have focused on resolving the
numerical integration and the essential boundary imposition but also the nature of basis functions is totally
diﬀerent from that in ﬁnite element method. In this situation, the main goal of the current work is to explore
the applicability of the rotation-free FEM formulation to the natural element method (Sukumar et al., 1998;
Chen et al., 2002; Yoo et al., 2004; Cho and Lee, 2006a,b) in solving thin plate-like structures.
The deﬂection ﬁeld is approximated by Laplace interpolation functions (Hiyoshi and Sugihara, 1999) that
are deﬁned in terms of non-overlapping Voronoi polygons discretizing the mid-surface of structures. On the
other hand, the curvature and bending moments ﬁelds are assumed to be polygon-wise constant, and their
values within individual Voronoi polygons are interpolated by area-averaging the boundary integrals of the
derivatives of the deﬂection ﬁeld, in a selective manner depending on the type of essential boundary condi-
tions. As a result, the resulting natural element approximation ends up with the linear system of equations
to solve only the nodal deﬂections corresponding to individual Laplace basis functions. The essential bound-
ary condition is imposed either in the course of constructing the stiﬀness matrix or on the ﬁnal matrix equa-
tions depending on its type. And, the node-wise load vectors are numerically integrated by applying the
conventional Gauss quadrature rule to a background cell composed of Delaunay triangles.
In the current work, the main concern is focused on whether the selective numerical methodologies derived
for computing polygon-wise constant curvatures lead successfully to the reference limit solutions. This validity
of the proposed plate element is tested through illustrating numerical experiments of static and free vibration
problems.2. Formulation of plate bending problem
Referring to Fig. 1(a), let us consider a plate-like structure with uniform thickness d and the mid-surface
(the reference surface) x  R2 that is subject to the distributed load q(x; t). Viewing a plate-like structure
as a three-dimensional elastic body, its material domain X  R3 is deﬁned by X = x · [d/2,d/2] with the
boundary oX = ox · [d/2,d/2]. Within this three-dimensional framework, it is well known that the static
equilibrium is governed by the three-dimensional full elasticity theory and the displacement ﬁeld is constituted
with Cauchy strains and stresses.
But, this full elasticity problem can be dimensionally reduced to an abstract plate bending problem restrict-
ed to the reference surface x, as depicted in Fig. 1(b), when the following Kirchhoﬀ’s normal condition is
admitted:
Fig. 1. (a) A plate-like thin structure with uniform thickness and (b) its abstract plate model.
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 hx ¼ owoy  hy ¼ 0; in x ð1ÞAnd, when the mean curvatures b = [bx,by,bxy]
T and the bending moment resultants m = [mx,my,mxy]
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zðrx; ry ; sxyÞdz ð3Þthese two ﬁelds constituted in the following modiﬁed form (Huang, 1988) of the stress–strain relationship in
the full elasticity theory:m ¼ Db; in x ð4Þ
Here, D is the material constant matrix containing the Young’s modulus E and the Poisson’s ratio m such thatD ¼ Ed
3
12ð1 m2Þ
1 m 0
m 1 0
0 0 ð1 mÞ=2
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75 ð5ÞReferring to Fig. 1(b), we assume that the mid-surface x of the plate-like structure is discretized into a ﬁnite
number of sub-regions xK such thatx ¼ [N
K¼1
xK ; xI \ xJ ¼ ; if I 6¼ J ð6ÞThen, the Lagrange function L of the abstract plate model with the density q subject to external load q(x; t)
can be expressed asLðw; _w; b;m; qÞ ¼ 1
2
XN
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qd
ow
ot
 2
Pðw; b;m; qÞ ð7Þwhere P is the mixed Hu-Washizu potential functional (Akoz and Kadioglu, 1996) that is deﬁned byPðw; b;m; qÞ ¼
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 
ð8ÞLetting {dw,db,dm}T be a variation vector of three ﬁelds, one can derive the curvature-deﬂection and consti-
tutive relations given byXN
K¼1
Z
xK
dmT½Lw bdA ¼ 0 ð9Þ
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dbT½DbmdA ¼ 0 ð10Þand the dynamic equilibrium equation for the abstract plate bending problem:XN
K¼1
Z
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dw qd
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þ ðLdwÞTm
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dA
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K¼1
Z
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dwqdA ¼ 0 ð11Þfrom the Hamilton’s principle.
3. Voronoi polygons and Laplace interpolation functions
Referring to Fig. 2(a), let us assume that a set @ of N distinct points called nodes:
@ ¼ fx1; x2; . . . ; xN jxI 2 R2g is given in R2, then the ﬁrst-order Voronoi diagram VI can be deﬁned with N
Voronoi polygons xN such that V I ¼ fx1;x2; . . . ;xN jx1 [    [ xN ¼ R2g. By denoting d(x,xI) be the Euclid-
ean metric in R2, the Voronoi polygon xI corresponding to the Ith node is deﬁned byxI ¼ fx 2 R2 : dðx; xIÞ < dðx; xJÞ; 8J 6¼ Ig ð12Þ
The Ith Voronoi polygon xI is a sub-domain with its sides that perpendicularly bisect the lines connecting xI
and the adjacent neighbor nodes of Ith node xI. A Voronoi polygon is uniquely deﬁned to each node, and
vertex points of each Voronoi polygon are called the Voronoi vertices. When node is located on the boundary
of the convex hull xCH ð@Þ of N points its Voronoi polygon becomes to be unbounded, otherwise its Voronoi
polygon is bounded. As shown in Fig. 2(b), the Delaunay triangulation as a geometric dual of the Voronoi
diagram generates a set I of Delaunay triangles DJKL(x):I ¼ fDJKLðxÞ :
[
DJKL ¼ xCHð@Þ; J 6¼ K 6¼ Lg ð13Þ
where J,K and L refer to the nodes xJ,xK and xL which are three vertices of DJKL. In general, the convex hull
becomes the problem domain: xCH ð@Þ  x. Referring to Fig. 2(a), these three vertex nodes should be chosen
such that three corresponding Voronoi polygons share common edges, and a circumcircle deﬁned by these
three nodes is called the Delaunay circumcircle. An important property of the Delaunay triangulation is
the empty circumcircle criterion implying that individual Delaunay circumcircles should not contain any node
in @. Also, it is worth to note that the centers of these circumcircles are identical to the Voronoi vertices.
Once the ﬁrst-order Voronoi diagram and Delaunay triangulation were constructed, then Laplace interpo-
lation functions corresponding to individual nodes xI can be deﬁned. Referring to Fig. 3(a), we describe how
the Ith Laplace interpolation function /I is deﬁned, where ﬁve circles are the Delaunay circumcircles generatedFig. 2. (a) Voronoi diagram and Delaunay triangulation and (b) Delaunay circumcircles.
Fig. 3. (a) Second-order Voronoi cells of xP and (b) geometric deﬁnition of the polygon xP.
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circles, then one can does also deﬁne a new ﬁrst-order Voronoi polygon xP composed of four sub-regions
which are divided by the previously deﬁned Voronoi polygons xI. These sub-regions are called the second-or-
der Voronoi cells xPI and deﬁned byxPI ¼ fx 2 R2 : dðx; xP Þ < dðx; xIÞ < dðx; xJ Þ; 8J 6¼ P ; Ig ð14Þ
Referring to the geometric deﬁnition of xPI shown in Fig. 3(b), we ﬁrst introduce the weighting functions aI
deﬁned byaIðxP Þ ¼ sIðxP ÞhIðxPÞ ; I ¼ 1; 2; . . . ;M ð15Þwhere sI = jCPIj, hI = d(xP,xI)/2. Here, the subscript I designates the edge of xP facing to the node xI and M
denotes the number of natural neighbor nodes of the point xP. Then, the value of Laplace interpolation func-
tion /I and its derivatives /I,b (b = x,y) at point xP is determined by/IðxP Þ ¼ aIðxP Þ=
XM
‘¼1
a‘ðxP Þ ð16Þ
/I;bðxP Þ ¼ aI ;bðxP Þ  /IðxP Þ
XM
‘¼1
a‘;bðxP Þ
" #,XM
‘¼1
a‘ðxP Þ ð17ÞwhereaI ;bðxP Þ ¼ bsI ;bðxP Þ  aIhI ;bðxPÞc=hIðxPÞ ð18Þ
Since xP is an arbitrary point within the support of /I we drop the subscript P hereafter. In this manner, all
Laplace interpolation functions for a given node set @ can be deﬁned.
Referring to Fig. 4, each Laplace interpolation function /I has unity at its node xI because aI in Eq. (16)
becomes inﬁnity while the others of a‘ remain ﬁnite. And, it and its derivatives vanish along the whole bound-
ary of its support, except for the Laplace interpolation functions corresponding to the nodes located on the
boundary C of the convex hull xCH ð@Þ. The Laplace interpolation functions (e.g. /K) corresponding to
the nodes located on the boundary C vary linearly from unity at its node to zero at its neighbor nodes along
supp(/K) \ C but vanishes on the remaining part of its boundary. Here, the support of /I is deﬁned as the
intersection of the convex hull xCH ð@Þ (i.e. the problem domain x) and the union [cirðDIJKÞ of Delaunay cir-
cumcircles deﬁned by the node xI and its neighbor nodes:suppð/IðxÞÞ ¼
[
cirðDIJKðxÞÞ \ xCHð@Þ ð19Þ
Fig. 4. Laplace interpolation function: (a) support and (b) shape.
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paper (Cho and Lee, 2006a). As well, the behavior of Laplace interpolation functions corresponding to the
boundary nodes and the adjacent interior nodes will be partially discussed in Section 4.3.
4. Constant curvature natural element approximation
4.1. Direct diﬀerentiation of rxw
The non-overlapping sub-regions xI become Voronoi polygons in the natural element method, and we
assume that the curvatures and bending moments are constant within each Voronoi polygon for the current
study. Then, from the arbitrary virtual ﬁelds {db,dm}T and the divergence theorem, Eqs. (9) and (10) lead to
the polygon-wise constant curvatures bI and bending moments mI given bybI ¼ 1jxI j
Z
xI
LwdA ¼ 1jxI j
I
xInrxwdC ð20Þ
mI ¼ DIbI ; DI ¼ 1jxI j
Z
xI
DdA ð21Þwithin the Ith Voronoi polygon xI. In which, CI is deﬁned by the boundary of xI \ x, as shown in Fig. 5(a),
andFig. 5. Line integration along the polygon: (a) for interior nodes and (b) for boundary nodes.
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0 ny nx
 T
; rx ¼ oox ooy
n oT ð22Þ
On the other hand, integrating by parts the second term in the LHS of Eq. (11) and substituting Eqs. (20) and
(21) into the resulting equation provides the following weak form for the deﬂection ﬁeld w:XN
I¼1
I
CI
ðnrxdwÞT dC 
DI
jxI j
I
CI
nrxwdC ¼
XN
I¼1
Z
xI
dw q qd o
2w
ot2
 
dA ð23ÞOnce the problem domain x is discretized with N grid points (equally, N Voronoi polygons), both trial and
test deﬂection ﬁelds are interpolated aswðx; tÞ ¼
XN
J¼1
/J ðxÞwJ ðtÞ; dwðx; tÞ ¼
XN
K¼1
/KðxÞdwKðtÞ ð24Þwith N Laplace interpolation functions /J. Thus, the constant curvatures Eq. (20) within xI are expressed asbI ¼ 1jxI j
I
CI
nrxUdCw ¼ 1jxI jBI w ð25Þwith the (N · 1) nodal vector w andBI ¼
I
CI
nrxUdC; U ¼ ½/1   /J   /N  ð26ÞReferring to Fig. 5(a), the line integration of BI is carried out in the current study by evaluating the integrand
at the mid-points x‘ of edges of the Ith Voronoi polygon xI (or, the intersection xI \ x) such thatBI ¼
XMI
‘¼1
s‘
nx 0
0 ny
ny nx
2
64
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75
‘
/1;x
/1;y
 !
   /J ;x
/J ;y
 !
   /N ;x
/N ;y
 !" #
x
‘
ð27Þwhere MI is the edge number of xI (or, xI \ x) and s‘ the length of the ‘th edge.
Then, the weak form Eq. (21) ends up with the ﬁnal system of simultaneous linear equations for the static
and free vibration analyses:XN
I¼1
K I w ¼
XN
I¼1
FI ;
XN
I¼1
ðK I  k2M IÞw ¼ 0 ð28Þwhere the node-wise stiﬀness and mass matrices and load vectors are deﬁned, respectively, byKI ¼ 1jxI jB
T
I
DIBI ð29Þ
MI ¼
Z
suppð/I Þ
qdUTUdA ð30Þ
FI ¼
Z
suppð/I Þ
qUdA ð31ÞIt is worth to note that MI and FI are integrated by applying the conventional Gauss quadrature rule to the
Delaunay triangles that cover supp(/I) shown in Fig. 4. The reader may refer to Cho and Lee (2006a) for the
detailed explanation of the numerical integration in the natural element method. On the other hand, the cal-
culation of KI are straightforward once BI are line-integrated.
4.2. Area averaging of rxw
In the previous section, $xw is computed by directly diﬀerentiating the deﬂection ﬁeld w so that it is not
constant within Voronoi polygons. But, in this section, it is alternatively deﬁned as polygon-wise constant
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section. In the similar manner for bI, the constant derivativerxwjxI within Voronoi polygon xI is computed asrxwjxI ¼
1
jxI j
Z
xI
rxwdA ¼ 1jxI j
I
CI
nx
ny
 
wdC ð32ÞSubstituting the natural element approximation of w in Eq. (24) into Eq. (32) leads torxwjxI ¼
1
jxI j
I
CI
nx
ny
 
UdCw ð33ÞThen, the polygon-wise constant curvatures bI derived in terms of the polygon-wise constant derivatives are
expressed asbI ¼ 1jxI j
I
CI
nrxwjxI dC
¼ 1jxI j
I
CI
n
1
jxI j
I
CI
nx
ny
 
UdC
 
dCw ¼ 1jxI jHI w ð34Þwith the (3 · N) matrix HI deﬁned byH I ¼
I
CI
n
1
jxI j
I
CI
nx
ny
 
UdC
 
dC
¼ 1jxI j
XMI
‘¼1
s‘
nx 0
0 ny
ny nx
2
64
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‘

XMI
k¼1
sk
nx
ny
 
k
½/1   /J   /N xk ð35ÞIntroducing HI into the weak form Eq. (23) leads to the ﬁnal system of simultaneous linear equations in Eq.
(28) with the node-wise stiﬀness matrices that is diﬀerently deﬁned byKI ¼ 1jxI jH
T
I
DIHI ð36Þ4.3. Enforcement of essential boundary conditions
In the previous two sections, we compute the derivative $xw in two diﬀerent ways to derive the polygon-
wise constant curvatures bI. The main reason is because either of two does not completely handle all essential
boundary conditions of the Kirchhoﬀ plate model. In order to explain this dilemma that the proposed plate
element encounters, we examine the behavior of Laplace interpolation functions deﬁned in Section 3.
Referring to Cueto et al. (2000) and Cho and Lee (2006a), let us consider the bottom boundary edge CB of
the natural element grid shown in Fig. 4(a). Then, the following property holds:w ¼ 0 and rxw ¼ 0; along CB ð37Þ
if the nodal values wK of all Laplace interpolation functions /K corresponding to the nodes located on that
boundary edge CB are set by zero. Referring to Fig. 6(a), it is because the derivative of the Laplace interpo-
lation function /J corresponding to the adjacent interior nodes is identically zero on CB since
P
a‘ in Eqs. (16)
and (17) becomes inﬁnite while aJ remains ﬁnite. In this manner, referring to Fig. 6(b), the Laplace interpo-
lation functions /L and /R corresponding to nodes xL and xR located, respectively, on the left and right
boundary edges CL and CR do also have zero derivatives on CB. This implies that the direct diﬀerentiation
of $xw in Section 4.1 is suitable for the clamped and symmetric boundary conditions but not for the simply
supported condition.
On the other hand, the polygon-wise constant derivatives $xw computed by the area-averaging technique
introduced in Section 4.2 leads tow ¼ 0 and rxw 6¼ 0; along CB ð38Þ
Fig. 6. Geometric representation for the weighting factors a‘ on the boundary edge CB: (a) for /J of adjacent interior node and (b) for /L
of boundary node lying on CL.
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edge CB have vanishing nodal values wK . Considering the Voronoi polygon xI in Fig. 5(b), it can be easily
realized that the line integration of w along CI does not vanish because there always exist the adjacent Laplace
interpolation functions which have non-vanishing nodal values and do not vanish at the mid-points x‘ .
Because of the above-mentioned reason, the essential boundary conditions of the Kirchhoﬀ plate problem
are selectively enforced for the current study.
• Clamped boundary condition (w = ow/o x = ow/oy = 0)
The polygon-wise constant curvatures bI are derived by the direct diﬀerentiation of $xw, but the contribu-
tion of the clamped edge to the line integration BI in Eq. (27) is disregarded. And, the nodal values of the
Laplace interpolation functions corresponding to the nodes located on the clamped edge are enforced to
vanish at the matrix equation level using the reduction method.
• Symmetric boundary condition (ow/ox = 0 or ow/oy = 0)
The direct diﬀerentiation of $xw is chosen to derive bI, as in the clamped boundary condition, and the con-
dition of zero normal rotation at the symmetry edge is imposed by disregarding /J,x or /J,y in the line inte-
gration of BI along the symmetry edge.
• Simply supported condition (w = ow/os = 0)
Choose the area-averaging of $xw to derive bI and enforce the nodal values of the Laplace interpolation
functions that are corresponding to the nodes lying on the simply supported edge to vanish at the matrix
equation level. The condition ow/os is identically satisﬁed when all nodal values of the nodes lying on the
simply supported edge become zero.5. Numerical experiments
In order to implement the numerical formulae derived so far, we coded a test program in Fortran and inter-
faced it with the commercial post-processor Tecplot for visualization. The veriﬁcation of the proposed method
is made by the static and free vibration analyses of plate-like thin elastic structures, and three-point Gauss
quadrature rule is used for the numerical integration of the node-wise mass matrices MI and load vectors
FI. The numerical accuracy (convergence) is assessed through the comparison with the analytic solutions.
Fig. 7(a) shows a square plate-like structure subject to uniform distributed load q of 100 Pa, where the
width a and the thickness d are set respectively by 1.0 m and 1 · 105 m. On the other hand, the material prop-
erties are as follows: E = 210 GPa, m = 0.3 and q = 0.78 Pa s2/m. From the symmetry of the problem, we take
Fig. 7. A model problem: (a) square plate-like structure subject to uniform distributed load and (b) uniform NEM grid (441 nodes).
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clamped and simply supported cases are considered to verify the selective treatment of the essential boundary
conditions, and Fig. 7(b) shows a natural element grid prepared for the clamped case. Five grid densities are
taken for the convergence investigation: 25, 121, 441, 961 and 1681.
The calibrated central deﬂections in the clamped and simply supported plate-like structures are represented,
respectively, in Figs. 8(a) and (b), where D = Ed3/12(1  m2) denotes the ﬂexural rigidity. According to Tim-
oshenko and Woinowsky-Krieger (1959), the analytic solutions are found as wcD/qa
4 = 1.26 · 103 for the
clamped square plate and wcD/qa
4 = 4.06 · 103 for the other. One can clearly observe that the proposed
method shows the uniform convergence to the analytic solution for both cases as the grid density increases.
This justiﬁes both the polygon-wise constant curvature NEM formulation and the imposition of essential
boundary conditions in the selective manner that are introduced for the numerical implementation of the Kir-
chhoﬀ plate model. It is worth to note that the analytic solution of the simply supported plate is correct to
three signiﬁcant ﬁgures owing to the simpliﬁcation in the series expansion calculation.
We next compute the natural frequencies and modes of the simply supported plate-like structure to explore
the applicability of the proposed method for the free vibration analysis of the Kirchhoﬀ plate model. The
geometry dimensions and material properties are the same as for the static analysis, but the entire structure
domain is taken for the natural element approximation. The node-wise mass matrices MI were not lumped
and Lanczos and Jacobi methods were employed to extract the lowest natural frequencies of interest. As in
the previous static analysis, ﬁve diﬀerent uniform NEM grids were taken for the sake of the accuracy
assessment.Fig. 8. Comparison of the calibrated central deﬂection: (a) clamped case and (b) simply supported case.
Fig. 9. Four lowest mode shapes (1681 nodes): (a) (1,1) mode, (b) (1,2) mode, (c) (2,1) mode and (d) (2,2) mode.
Table 1
Variation of lowest natural frequencies to the number of nodes
Mode Natural frequencies (rad/s)
Analytic Present method—number of nodes
25 121 441 961 1681
(1,1) 30.994 23.815 (23.16%) 29.002 (6.43%) 30.217 (2.51%) 30.531 (1.49%) 30.668 (1.05%)
(1,2) (2,1) 77.486 44.265 (42.87%) 68.881 (11.11%) 74.787 (3.48%) 76.086 (1.81%) 76.591 (1.16%)
(2,2) 123.977 58.153 (53.09%) 105.151 (15.19%) 117.803 (4.98%) 120.713 (2.63%) 121.867 (1.70%)
Relative errors g are given in parentheses.
4870 J.R. Cho, H.W. Lee / International Journal of Solids and Structures 44 (2007) 4860–4871Fig. 9 represents four lowest natural modes obtained with uniform NEM grid composed of 1681 nodes.
Referring to a book by Reddy (1999), the natural frequencies of a square plate with all edges simply supported
can be analytically calculated bykðm;nÞ ¼ ðm2 þ n2Þ p
2
a2
ﬃﬃﬃﬃﬃ
D
qd
s
; m; n ¼ 1; 2; 3; . . . ;1 ð39Þwith k(m,n) = k(n,m). The natural frequencies computed by the proposed method with diﬀerent node densities
are compared with the analytic solutions in Table 1, where the numerical values in parentheses indicate the
relative errors g deﬁned byg ¼ k
analytic  kNEM
kanalytic
 100ð%Þ ð40ÞThe lowest natural frequencies computed by the proposed method uniformly and rapidly approach the ana-
lytic solutions as the grid density increases such that the maximum relative error is less than 2% when the num-
ber of grids is 1681. Contrary to the standard approximation, the displacement and natural frequency in the
proposed method approach the lower and the upper bounds, respectively. It is solely because the proposed
method is based on the mixed formulation.
6. Conclusion
A polygon-wise constant curvature natural element approximation has been introduced for the numerical
implementation of the Kirchhoﬀ plate model requiring the C1-continuity in the deﬂection ﬁeld. The mid-sur-
face of plate-like thin elastic structure was discretized into a ﬁnite number of non-overlapping Voronoi poly-
gons which are constructed for a given set of grid points. Only the deﬂection ﬁeld was approximated with
Laplace interpolation functions, while the curvature ﬁled is assumed to be polygon-wise constant and individ-
J.R. Cho, H.W. Lee / International Journal of Solids and Structures 44 (2007) 4860–4871 4871ual polygon-wise constant curvatures were interpolated by line-integrating $xw along the polygon boundary.
Thus, the strict C1-continuity constraint was successfully resolved and the ﬁnal linear system of matrix equa-
tions requires solving only the nodal deﬂections. Three kinds of essential boundary conditions were easily and
strictly imposed by selectively computing the derivative $xw in the course of the curvature ﬁeld interpolation.
The numerical results of representative static and free vibration problems conﬁrm that the proposed Kirchhoﬀ
plate element in the messfree framework provides the stable and rapid convergence to the grid number.
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